Special Lagrangian Cones by Haskins, Mark
ar
X
iv
:m
at
h/
00
05
16
4v
1 
 [m
ath
.D
G]
  1
7 M
ay
 20
00
SPECIAL LAGRANGIAN CONES
MARK HASKINS
Abstract. We study homogeneous special Lagrangian cones in Cn with
isolated singularities. Our main result constructs an infinite family of
special Lagrangian cones in C3 each of which has a toroidal link. We
obtain a detailed geometric description of these tori. We prove a reg-
ularity result for special Lagrangian cones in C3 with a spherical link
– any such cone must be a plane. We also construct a one-parameter
family of asymptotically conical special Lagrangian submanifolds from
any special Lagrangian cone.
1. Introduction
Let Y be Calabi-Yau manifold of complex dimension n with Ka¨hler form
ω and non-zero parallel holomorphic n-form Ω satisfying the normalization
condition ωn/n! = (−1)n(n−1)/2(i/2)Ω∧Ω¯. Then Re (Ω) is a calibrated form,
whose calibrated submanifolds are called special Lagrangian submanifolds
[6].
Moduli spaces of special Lagrangian submanifolds (and of other calibrated
submanifolds) have appeared recently in string theory [1], [11]. On phys-
ical grounds, Strominger, Yau and Zaslow argued [11] that a Calabi-Yau
manifold Y with a mirror partner Yˆ admits a (singular) fibration by special
Lagrangian tori, and that Yˆ should be obtained by compactifying the dual
fibration. To make this idea rigorous one needs to have control over the
singularities and compactness properties of families of special Lagrangian
submanifolds. In dimensions three and higher these properties are not well
understood.
Motivated by these problems we study the simplest isolated singularities
of special Lagrangian varieties – homogeneous cones in Cn with an isolated
singularity. These are also local models for more general singularities in that
they are possible tangent cones to special Lagrangian currents at singular
points.
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We introduce the notion of a θ-special Legendrian submanifold – a spe-
cial class of minimal (n − 1)-dimensional submanifolds – of S2n−1(1), and
characterize θ-special Lagrangian cones in Cn as those cones C whose links
L = C ∩S2n−1 are θ-special Legendrian submanifolds of S2n−1 (Proposition
2.5). From any special Legendrian link, in addition to a special Lagrangian
cone, we obtain a one-parameter family of asymptotically conical special
Lagrangian (possibly immersed) submanifolds.
Theorem A. Let Σn−1 be a θ-special Legendrian submanifold of S2n−1(1) ⊂
Cn. Let Σd (d ∈ R) denote the set{
(zp ∈ Cn) : p ∈ Σ, z ∈ C,where Im(zn) = d, arg z ∈ [0, π
n
]
}
.
Then
(i) Σd is a θ-special Lagrangian variety.
(ii) Σ0 = C(Σ) ∪C(eipi/nΣ) where C(Σ) denotes the cone on Σ.
(iii) Σd is asymptotically conical, with two ends Σ and e
ipi/nΣ.
In the case of special Lagrangian cones in C3, results of Yau [15] and
others put restrictions on three-dimensional special Lagrangian cones. For
example, we obtain:
Theorem B. Let C be a homogeneous special Lagrangian cone in C3, with
L = C ∩ S5(1) a (possibly immersed) sphere. Then C must be a special
Lagrangian plane.
A simple corollary of this theorem is a regularity result for homogeneous
solutions of the special Lagrangian graph equation in dimension three. The
theorem is also sharp in the following two senses. The analogous statement
in C4 is false, as recent examples of Chen et al. [2] demonstrate. Moreover,
if the link type is a torus not a sphere then even in dimension three there are
nontrivial special Lagrangian cones. Our main result gives an abundance of
such cones.
Theorem C. There exists a countably infinite family of non-isometric spe-
cial Lagrangian cones in C3. Each cone has link an embedded torus which
is invariant under some S1 ⊂ SU(3).
Each special Lagrangian cone in C3 also gives rise to other calibrated
cones (Lemma 2.9). For example, from each special Lagrangian cone in C3
with an isolated singularity we associate: an associative cone in R7 with an
isolated singularity, a coassociative cone in R7 and a Cayley cone in C4 with
a line of singularities and special Lagrangian cones in Cn+3 with singularities
along a real n-plane.
The strategy for the construction of the special Lagrangian cones in C3 is
as follows. By exploiting the connection between harmonic maps and mini-
mal surfaces we construct a two-parameter family uα,J of special Legendrian
immersions R2 → S5(1). Harmonic maps from two dimensional domains to
Lie groups and symmetric spaces have a rich structure, with relations to
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infinite dimensional completely integrable systems and loop groups [5], [12].
In the case of S1-equivariant harmonic maps to spheres, a finite dimensional
completely integrable system – the C. Neumann system – appears. Several
geometric features of the harmonic map have nice interpretations in terms
of conserved quantities of this system. The mechanical interpretation of
the Legendrian condition is not so clear, but nonetheless we are able to ob-
tain minimal Legendrian immersions from certain solutions of the Neumann
system.
Theorem D. For each θ ∈ [0, 2π) there exists a 2-parameter family uα,J ,
(α, J) ∈ [0, 1] × [0, 1/3√3], of θ-special Legendrian immersions R2 → S5(1)
with the following properties:
(i) The immersion uα,J is invariant under the 1-parameter subgroup of
SU(3) generated by A = diag i(1, α,−1 − α) ∈ su(3).
(ii) For α = 1 and J = 1/3
√
3 these immersions all describe Clifford tori,
but otherwise all the immersions are geometrically distinct.
(iii) The family uα,J contains all θ-special Legendrian Legendrian immer-
sions of the form (3.4) which cover a torus.
To obtain tori from these immersions, in Proposition 5.3 we examine the
conditions under which uα,J is doubly periodic with respect to some lattice.
By examining the special cases uJ,0 and u0,α we deduce
Theorem E. (i) For α ∈ Q ∩ (0, 1], the immersion u0,α is doubly periodic
and hence gives rise to a minimal Legendrian torus.
(ii) For a dense set of J ∈ (0, 1/3√3) the immersion uJ,0 is doubly periodic
and hence gives rise to a minimal Legendrian torus.
For the family u0,α, referred to in part (i) of the previous theorem, we give
detailed information about the geometry (e.g. conformal structure, maxi-
mum and minimum values of the Gauss curvature and embeddedness) of the
corresponding surfaces. As a corollary we find (Theorem 5.5) that there are
embedded ‘almost flat’ minimal Legendrian tori. These tori demonstrate
sharpness of two pinching results of Yau on minimal Lagrangian (Legen-
drian) immersions into CP 2 (S5).
The paper is organized as follows. In Section 2 we recall basic facts about
special Lagrangian geometry in Cn, introduce the notion of special Legen-
drian in S2n−1 and characterize special Lagrangian cones in terms of special
Legendrian links. In Section 3 we recall basic facts from harmonic map
theory: principally the relation with minimal surfaces and the appearance
of the C. Neumann system in S1-equivariant harmonic maps into spheres.
In Section 4 we study which solutions of the Neumann system give rise to
special Legendrian immersions, give explicit parametrisations of these solu-
tions and study the geometry of these immersions. In Section 5 we study
the periodicity conditions for these immersions and hence are able to deduce
our main results.
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2. special Lagrangian cones in Cn
2.1. Special Lagrangian geometry in Cn. Special Lagrangian geometry
is an example of a calibrated geometry [6]. We review some elementary facts
about calibrations and special Lagrangian geometries in Cn in particular
(see [6] for further details).
Each calibrated geometry is a distinguished class of minimal submanifolds
of a Riemannian manifold (M,g) associated with a closed differential p-form
φ of comass one.
For each m ∈M , the comass of φ is defined to be
‖φ‖∗m = sup{< φm, ξm >: ξm is a unit simple p-vector at m}.
In other words, ‖φ‖∗m is the supremum of φ restricted to the Grassman of
oriented p-dimensional planes G(p, TmM), regarded as a subset of Λ
pTmM .
To any form of comass one there is a natural subset of G(p, TM)
Gm(φ) = {ξm ∈ G(p, TmM) :< φm, ξm >= 1},
that is, the collection of oriented p-planes on which φ assumes its maximum.
These planes are the planes calibrated by φ. An oriented p-dimensional
submanifold of (M,g) is calibrated by φ if its tangent plane at each point is
calibrated.
The key property of calibrated submanifolds is that they are homologically
volume minimizing
Lemma 2.1 (Harvey and Lawson [6]). Let (M,g, φ) be a calibrated geom-
etry, and suppose S is a calibrated submanifold (possibly with boundary).
Then for any oriented p-dimensional submanifold Sˆ homologous to S
vol(S) ≤ vol(Sˆ)
with equality if and only if Sˆ is also calibrated (by φ).
Let z1, . . . , zn denote standard complex coordinates on C
n. For any θ ∈
[0, 2π) the real n-form
αθ = Re(e
iθdz1 ∧ . . . ∧ dzn)
is a calibrated form, called the θ-special Lagrangian calibration on Cn.
For the proof that αθ has comass one see [6]. A θ-special Lagrangian
plane (we will sometimes abbreviate this as θ-SLG) is an oriented n-plane
calibrated by the form αθ. A useful characterization of the θ-special La-
grangian planes is
Lemma 2.2. An oriented n-plane ξ in Cn is θ-special Lagrangian (for the
correct choice of orientation) if and only if
1. ξ is Lagrangian with respect to the standard symplectic form ω =∑
dxi ∧ dyi, (i.e. ω restricts to zero on ξ) and
2. βθ := Im(e
iθdz1 ∧ . . . ∧ dzn) restricts to zero on ξ.
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One reason for considering the whole S1-family of special Lagrangian
calibrations is the following result of Harvey and Lawson (Proposition 2.17
of [6]):
Proposition 2.3. A connected oriented Lagrangian submanifold S ⊂ Cn
is minimal (i.e. it is a critical point of volume, or its mean curvature H
vanishes) if and only if S is θ-special Lagrangian for some θ.
2.2. Regular cones and special Legendrian links. For any compact
connected oriented embedded submanifold Σ ⊂ Sn−1(1) ⊂ Rn define the
cone on Σ,
C(Σ) = {tx : t ∈ R≥0, x ∈ Σ}.
A cone C in Rn is regular if there exists Σ as above so that C = C(Σ),
in which case we call Σ the link of the cone C. C(Σ) − 0 is an embedded
smooth submanifold, but C(Σ) has an isolated singularity at 0 unless Σ is
a totally geodesic sphere.
To characterize the links of regular special Lagrangian cones we need to
introduce some geometric structures on the unit sphere S2n−1 in Cn. As a
convex hypersurface in a Ka¨hler manifold [8], S2n−1(1) inherits a contact
form, that is, a 1-form γ so that
γ ∧ dγn−1 6= 0.(2.1)
Let X denote the Euler vector field x·∂/∂x on Cn and ω denote the standard
symplectic form on Cn. Then the contact form on S2n−1(1) is
γ = ιXω|S2n−1 .
Associated with γ is the contact distribution, the hyperplane field ker γ ⊂
TS2n−1. The condition (2.1) on γ ensures that the distribution ker γ is not
integrable. The maximal dimensional integral submanifolds (i.e. submani-
folds on which γ restricts to zero) of the distribution are (n−1)-dimensional
and are called Legendrian submanifolds.
The relevance of Legendrian submanifolds of the sphere can be see from
the next result whose proof is standard.
Lemma 2.4. Let Σ be an (n − 1)-dimensional submanifold of S2n−1(1).
Then C(Σ) is Lagrangian if and only if Σ is Legendrian.
For any p-form φ on Rn define the normal part of φ by
φN = ιXφ,
where X again denotes the Euler vector field on Cn. In particular, αθ,N
denotes the normal part of the θ-special Lagrangian calibration αθ.
An oriented (n− 1)-dimensional submanifold Σ of S2n−1(1) is a θ-special
Legendrian submanifold if at each point of Σ, αθ,N restricts to the volume
form on Σ.
Proposition 2.5. A regular cone C = C(Σ) in Cn is θ-special Lagrangian
if and only if Σ is θ-special Legendrian.
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Proof. This is essentially a special case of Theorem 5.6 of [6]. We sketch the
proof. For any constant p-form φ on Rn define the tangential part of φ to
be
φT = ιX
(
x
|x| · dx ∧ φ
)
.
Then φ decomposes as
φ = φT +
x
|x| · dx ∧ φN(2.2)
where φN is the normal part of φ defined previously. When dφ = 0, restrict-
ing to the unit sphere it follows that
dφT = 0 and dφN = pφT .
Since φN (ξ) = φ(x ∧ ξ) and ||ξ|| = ‖x ∧ ξ‖ for any simple (p − 1)-vector
in Λp−1x⊥, φN still has comass one (but since φN is not closed it is not
a calibration itself). Moreover, submanifolds Σ of Sn−1(1) on which φN
restricts to the volume form are exactly those for which C(Σ) is calibrated by
φ. Hence the result follows by taking φ to be any of the θ-special Lagrangian
calibrations αθ.
We also have the following Legendrian analogue of Proposition 2.3
Proposition 2.6. A connected oriented Legendrian submanifold of S2n−1(1)
is minimal if and only if it is θ-special Legendrian for some θ.
Proof. Let Σ be a minimal Legendrian submanifold of S2n−1(1). It is a
standard fact [10] that C(Σ) is minimal if and only if Σ is minimal in the unit
sphere. Thus C(Σ) is a minimal Lagrangian cone which from Proposition
2.3 must be θ-special Lagrangian for some θ. By the previous proposition
this implies Σ is θ-special Legendrian. The converse is similar.
We finish the section by proving Theorem A, which gives a one-parameter
family of asymptotically conical special Lagrangian varieties modeled on any
special Lagrangian cone. This result generalizes Theorem 3.5 of [6] which is
our result in the special case Σ =
{
(x1, . . . , xn) ∈ Cn : xi ∈ R with
∑
x2i = 1
}
.
Proof of Theorem A. (i) By Proposition 2.5, C(Σ) is a θ-SLG cone. By
rotating Σ by A = diag(e−iθ/n, . . . , e−iθ/n) we can assume C(Σ) is 0-SLG.
Thus β|C(Σ) = 0. Let φ : Σ → S2n−1 denote the inclusion of Σ in the
sphere, and let x1, . . . , xn−1 be local coordinates on Σ. Then β|C(Σ) = 0 is
equivalent to
Im
(
det C(φ,
∂φ
∂x1
, . . . ,
∂φ
∂xn−1
)
)
= 0.(2.3)
Let Φ : R × Σ → Cn be given by Φ(t, x) = f(t)φ(x) where f : R → C is
some nonconstant smooth complex valued function. It is straightforward to
check that any such Φ gives rise to a Lagrangian immersion to Cn.
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Let x0 = t and for i = 0, . . . , n − 1 denote ∂Φ/∂xi by Φi. Then for
j = 1, . . . , n− 1
ω(Φ0,Φj) = ω(f˙φ, fφj) = Re(f¯ f˙) ω(φ, φi) + Im(f¯ f˙) < φ, φi >= 0
where the first term vanishes because φ is Legendrian and the second because
|φ|2 = 1. For j, k = 1, . . . , n− 1 we have
ω(Φj,Φk) = ω(fφj, fφk) = |f |2ω(φj , φk) = 0
and so Φ is Lagrangian as claimed.
Now we claim that Φ is 0-SLG if and only if f satisfies
Im (fn) = d(2.4)
for some real constant d. To prove this it is enough to show that β|Φ = 0
holds if and only if (2.4) is satisfied. But β|Φ = 0 is equivalent to
Im (det C(Φ0, . . . ,Φn−1)) = 0.(2.5)
Since C(Σ) is 0-SLG, we have Im (det C(φ, φ1, . . . , φn−1)) = 0 and hence
Im (det C(Φ0, . . . ,Φn−1)) = Im
(
det C(f˙φ, fφ1, . . . , fφn−1)
)
= Im
(
f˙fn−1 det C(φ, φ1, . . . , φn−1)
)
= Re (det C(φ, φ1, . . . , φn−1))× Im(f˙ fn−1).
Thus (2.5) holds if and only if
Im(f˙fn−1) =
1
n
(
Im
d
dt
fn
)
=
1
n
d
dt
Im(fn) = 0.
Hence Φ is 0-SLG if and only if Im (fn) = d as claimed.
Parts (ii) and (iii) are straightforward to verify.
2.3. Minimal Legendrian surfaces. In dimension two, any special La-
grangian cone must be a union of special Lagrangian planes (since its link
must be a union of Legendrian geodesics in S3). In the first interesting case,
namely special Lagrangian cones in C3, restrictions on the geometry and
topology of the allowable links follow from the next result, essentially due
to Yau.
Theorem 2.7. [14, 15] Let Σ be a minimal Legendrian surface of S5(1).
Then:
(i) If Σ has genus zero, Σ is totally geodesic.
(ii) If Σ is a complete nonnegatively curved surface, Σ is a totally geodesic
sphere or a flat torus.
(iii) If Σ is complete nonpositively curved surface then Σ is a flat torus.
This theorem is the Legendrian analogue of a result of Yau on minimal
Lagrangian immersions into Ka¨hler surfaces of constant holomorphic sec-
tional curvature (e.g. CP 2 with the Fubini-Study metric). In fact, using
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Reckziegel’s observation [9] about the local correspondence between min-
imal Legendrian immersions into S5 and minimal Lagrangian immersions
into CP 2, one can deduce the Legendrian result from the Lagrangian one.
As a corollary of part (i) of Theorem 2.7 we deduce Theorem B. Applying
this theorem to the special case of special Lagrangian graphs we deduce
Corollary 2.8. Any homogeneous degree 1 solution u of the 3-dimensional
special Lagrangian graph equation
∆u = detHess (u)
is a quadratic function.
Theorem B is sharp in the following two senses. Firstly, in C4 the analo-
gous result is false as recent examples of Chen et al. show [2]. Secondly, in
C3 there are nontrivial special Lagrangian cones with link type a torus, the
simplest example of which is the cone on a generalized Clifford torus.
Let T be the Lagrangian product 3-torus contained in S5(1)
T = {z ∈ C3 : |zi|2 = 1/3, i = 1, 2, 3},
and Tθ be the 2-torus
Tθ = {z ∈ T :
∑
arg zi = θ}.
The Tθ, the generalized Clifford tori, are all flat minimal Legendrian tori
and Tθ/3, Tpi+θ/3 are θ-special Legendrian. Harvey and Lawson discovered
the cones on these tori in a family of special Lagrangian level sets invariant
under the maximal torus T 2 ⊂ SU(3). This high degree of symmetry allowed
them to explicitly write down solutions. In the next three sections we shall
find a family of nonisometric minimal Legendrian tori in S5(1), which are
invariant under an S1 ⊂ SU(3). This symmetry is still enough to allow us
to give quite explicit descriptions of these tori.
Special Lagrangian cones in dimension three with isolated singularities,
also give rise naturally to several related singular calibrated varieties. For ex-
ample, remarks of Harvey-Lawson [6] (IV.2.C. Remark 2.12) and Donaldson-
Thomas [3] show the following:
Lemma 2.9. If X3 is a 0-special Lagrangian variety, then:
(i) X × {pt} ⊂ C3 × R is an associative variety
(ii) X × R ⊂ C3 × R is a coassociative variety
(iii) X × R ⊂ C3 × C is a Cayley variety.
In cases (ii) and (iii) starting with a special Lagrangian cone with an isolated
singularity we obtain cylindrical cones, which have a whole line of singular-
ities. One also gets special Lagrangian cylindrical cones in Cn+3 by taking
the Cartesian product of a 3-dimensional cone in C3 with a real n-plane in
Cn.
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3. Harmonic Maps, Minimal Surfaces and the Neumann System
We shall construct S1-invariant minimal Legendrian tori in S5(1) by ex-
ploiting two relationships. The first is the connection between harmonic
maps and minimal surfaces. The second is the link between S1-equivariant
harmonic maps into spheres and the C. Neumann system describing motion
on the sphere under a quadratic potential.
3.1. Harmonic Maps. We recall some definitions and basic facts from
harmonic map theory. Suppose M and N are Riemannian manifolds. For
any C1 map u : M −→ N define a smooth function e(u), the energy density
of u, by e(u)(x) = Tr(du2x). Define a functional on C
1(M,N), the total
energy, by E(u) =
∫
M e(u)µM , where µM is the Riemannian volume element
of M . Critical points of E are harmonic maps from M into N .
If N is isometrically embedded in RK then we can view a function u :
M → N as a function u = (u1, . . . , uK) into RK with the constraint that
u(x) ∈ N for all x ∈M . Then
E(u) =
K∑
i=1
∫
M
|∇ui|2µM .(3.1)
Extremals of E subject to the constraint that u(M) ⊂ N give us the har-
monic maps to N . From this we see that the harmonic map equations can
be written simply as
∆u(x) ⊥ Tu(x)N, u(x) ∈ N, ∀x ∈M.
In the case that N = Sn(1) ⊆ Rn+1 (with the metric induced by this
inclusion) this implies ∆u = λu for some function λ on M . Taking the inner
product of both sides with u and using the constraint equation |u|2 = 1 we
determine that λ = (u,∆u) = −|du|2. Summarizing we have
Lemma 3.1. A smooth map u : M → Sn(1) ⊂ Rn+1 is harmonic iff and
only if u satisfies the equation
∆u = −|du|2u.(3.2)
Finally we recall what happens to the harmonic map equations when we
make a conformal change of metric on the domain M . If g˜ = λ2g then
g˜−1 = λ−2g−1, and µ˜M = λmµM . Hence Eg˜(u) = λm−2Eg(u) and we see
that E is conformally invariant if and only if dim M = 2. Therefore in
dimension 2 harmonicity depends only on the structure of M as a Riemann
surface. In particular there is a natural quadratic differential Φ, the Hopf
differential. If z is a local complex coordinate onM then Φ = φ(z)dz2 where
φ(z) = (uz, uz) =
1
4
(|ux|2 − |uy|2 − 2i(ux, uy)) .(3.3)
Harmonicity of u implies that Φ is holomorphic. If the Hopf differential
vanishes the map u is conformal. Moreover, we have the following connection
with minimal surfaces:
10 MARK HASKINS
Proposition 3.2. ([4]) u is harmonic and conformal if and only if u is a
(branched) minimal immersion.
3.2. Equivariant Harmonic Maps and the Neumann System. For
harmonic maps from R2 to S5(1) ⊆ C3 (where both R2 and S5(1) are given
their standard metrics) of the special form
u(s, t) = eAsz(t)(3.4)
where A ∈ so(6) and z : R −→ S5(1), it follows from (3.2) that u is harmonic
if and only if z satisfies
z¨ +A2z = −(|z˙|2 + |Az|2)z(3.5)
where ˙ denotes differentiation with respect to t. As Uhlenbeck noted [13]
these are the equations of motion for the C. Neumann problem of motion of
a particle on a sphere under the quadratic potential |Az|2.
Define R actions on R2 and S5(1) by
γ · (s, t) = (s+ γ, t)
γ · p = eAγp
where s, t, γ ∈ R and p ∈ S5(1). These induce an action in the usual manner
on the Banach manifold C1(R2, S5) by
(γ · u) (x) = γ · u(γ−1 · x)(3.6)
the fixed points of which are precisely maps of the form (3.4). Since R acts
by isometries on both R2 and S5, it follows from the definition of E that
it is an R-invariant function on C1(R2, S5). Hence we could also appeal to
Palais’s Principle of Symmetric Criticality to find the equations satisfied by
z, as in [13].
From now on we consider only the case that A ∈ u(3), so that the one-
parameter group eAs preserves both the metric and the symplectic structure.
Then by conjugation we may assume that A = diag i(λ1, λ2, λ3). In this case
equation (3.5) becomes
z¨j − λ2jzj = −λzj , zj ∈ C, j = 1, 2, 3(3.7)
where
λ = |Az|2 + |z˙|2.(3.8)
It will be convenient to rewrite the equations slightly. Writing zj = Rje
iθj
we see that (3.7) is equivalent to
R¨j −
J2j
R3j
= (λ2j − λ)Rj , j = 1, 2, 3(3.9)
where θj is determined up to a constant by the relation Jj = R
2
j θ˙j.
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There are some obvious conserved quantities. From conservation of energy
we have
H = |z˙|2 − |Az|2(3.10)
and conservation of the quantities
Jj = xj y˙j − yjx˙j , j = 1, 2, 3(3.11)
expresses the fact that angular momentum in each of the three complex
planes z1, z2, z3 is conserved. For details of other less obvious conserved
quantities of the Neumann system we refer the reader to [13].
The condition that u be conformal is conveniently expressed in terms of
the integrals of motion. Namely, u is conformal if and only if
|us|2 − |ut|2 = |z˙|2 − |Az|2 = H = 0(3.12)
and
(us, ut) = (z˙, Az) =
3∑
i=1
λiJi = 0.(3.13)
Summarizing we have
Proposition 3.3. [13] u(s, t) = eAsz(t) : R2 → S5(1) is a minimal immer-
sion if and only if z satifies the equations of motion of the Neumann system
(3.7) and the conserved quantities H,Jj satisfy the constraints (3.12) and
(3.13).
4. S1 Equivariant minimal Legendrian immersions
4.1. The Legendrian constraints. For u(s, t) = eAsz(t) to be a minimal
Legendrian immersion, besides the conditions of Proposition 3.3, two further
constraints must hold
α(us) = ω(u, us) = ω(z,Az) =
3∑
i=1
λiR
2
i = 0,(4.1)
and
α(ut) = ω(u, ut) = ω(z, z˙) =
3∑
i=1
Ji = 0.(4.2)
Note that the second equation corresponds merely to further constraints
on the values of the integrals of the Neumann system. The first equation
is more mysterious and is in general not preserved under the flow of the
Neumann system. In fact, we have
Lemma 4.1. There are minimal Legendrian immersions of the form given
in (3.4) if and only if A ∈ su(3).
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Proof. From Proposition 2.6 any minimal Legendrian immersion is θ-special
Legendrian for some θ and hence βθ restricts to zero on the cone. At a point
xu on the cone (where x ∈ R+) we have
βθ|C(u) = x2Im
(
eiθ det C(u, us, ut)
)
= x2Im
(
ei
∑
λiseiθ det C(z(t), Az(t), z˙(t))
)
.
Since this must hold for all real s and t, for βθ to restrict to zero we must
have
∑
λi = 0 as claimed.
One can also show necessity directly from the equations for a minimal
Legendrian equation by showing that the constraints (3.12,3.13,4.1,4.2) are
not consistent with the equations of motion of the Neumann system unless
A ∈ su(3).
To see this let us compute the second derivative of the mysterious con-
straint c := ω(z,Az) for a solution of the Neumann system at an instant
when all the constraints and their first derivatives are satisfied. One finds
c¨ = ω(Az, z¨) + ω(Az˙, z˙) = −ω(Az,A2z) + ω(Az˙, z˙).
Let c1 = ω(A
2z,Az) and c2 = ω(Az˙, z˙). Then c1 may be expressed in terms
of the symmetric polynomials in the λi as
c1 =
∑
λ3iR
2
i = (
∑
λj)(
∑
λ2iR
2
i )−(
∑
λjλk)(
∑
λiR
2
i )+λ1λ2λ3(
∑
R2i ).
Hence using the constraints we have
c1 = (
∑
λj) |Az|2 + λ1λ2λ3.
A calculation shows
c2 = −λ1λ2λ3 |z˙|
2
|Az|2
and so
c¨ = (
∑
λj) |Az|2 −Hλ1λ2λ3|Az|2 .(4.3)
Clearly once we have imposed the constraint H = 0, c¨ = 0 if and only if
A ∈ su(3). Moreover, by differentiating (4.3) it is easy to verify that all
higher derivatives of the constraint c also vanish when A ∈ su(3). Thus
to show existence of minimal Legendrian immersions we need only show
there exist initial conditions for the Neumann system which satisfy all the
constraints together with the first derivative of the mysterious constraint.
We will see that this is indeed the case in the proof of Theorem D which we
now give.
Proof of Theorem D. Let u be a minimal Legendrian immersion of the form
(3.4), i.e. u(s, t) = eAsz(t) where A ∈ su(3). By conjugation we may
assume A = idiag(λ1, λ2, λ3) where λ1 ≥ λ2 ≥ 0 > λ3. Let α = λ2/λ1, then
α ∈ [0, 1] and A = idiagλ1(1, α,−1 − α). Moreover, by rescaling s and t we
may assume that λ1 = 1. Let
~1 = (1, 1, 1), ~J = (J1, J2, J3), ~λ = (λ1, λ2, λ3), ~R2 = (R
2
1, R
2
2, R
2
3).
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Then the constraints (3.13,4.1,4.2) together with the constraint that z lie
on the unit sphere can be written as
~1 · ~J = 0, ~λ · ~J = 0,(4.4)
~1 · ~R2 = 0, ~λ · ~R2 = 1(4.5)
and A ∈ su(3) is equivalent to ~1 ·~λ = 0. Let ~µ be the cross product of ~1 and
~λ
~µ = ~1× ~λ = (−1− 2α, 2 + α,α− 1).
The constraints in (4.4) are equivalent to
~J = J~µ(4.6)
for some constant J , while the constraints in (4.5) are equivalent to
~R2(t) = γ(t)~µ+
1
3
~1(4.7)
for some function γ(t). The remaining constraint |z˙|2 = |Az|2 then becomes
γ˙2
4
+ J2 = R21R
2
2R
2
3(4.8)
or in terms of γ
γ˙2
4
+ J2 = γ3µ1µ2µ3 +
γ2
3
∑
i 6=j
µiµj +
1
27
.(4.9)
Since we seek periodic solutions we may assume that γ(0) = γ0 > 0, γ˙(0) =
0. Then at t = 0, (4.9) becomes
γ3µ1µ2µ3 +
γ2
3
∑
i 6=j
µiµj +
1
27
= J2(4.10)
and thus specifying γ0 determines J
2 (and vice versa).
Let us fix α ∈ [0, 1] and consider the case where J 6= 0. Given J ∈
(0, 1
3
√
3
], (4.10) has a unique smallest nonnegative root γ+(J). Let γ(0) =
γ+(J), γ˙(0) = 0. Then up to a translation in time any periodic solution of
(4.10) (except possibly a solution corresponding to J = 0 which we shall
treat later) arises from such an initial condition. Once the initial conditions
for γ and γ˙ have been specified, (4.7) fixes Rj(0) and R˙j(0) for j = 1, 2, 3.
Given J and α, (4.6) fixes ~J . If we define θ˙j = Jj/R
2
j , then θ˙j(0) is de-
termined by (4.6) and (4.7) for j = 1, 2, 3. By a global rotation in SU(3)
(e.g. replacing z(t) by Bz(t) where B = exp (idiag (σ1, σ2, σ3)) ∈ SU(3))
we may rotate z(t) so that θ2(0) = θ3(0) = 0. We may not assume also
that θ1(0) = 0 without allowing B ∈ U(3) in which case we will change the
value of θ for which u is θ-special Legendrian. In the case J 6= 0 we shall
verify later that choosing −θ1(0) = θ gives rise to a θ-special Legendrian
immersion (in the case J = 0 choosing −θ1(0) = θ + π/2 gives rise to a
θ-special Legendrian immersion).
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Thus for each θ ∈ [0, 2π), and (α, J) ∈ [0, 1] × (0, 1/3√3] there is a
unique solution of the Neumann equation (given by specifying initial data in
the manner above) which satisfies the constraints (3.12,3.13,4.1,4.2). Hence
by the proof of the previous lemma it gives rise to a minimal Legendrian
immersion which we denote uα,J .
In the case J = 0 we will explicitly exhibit solutions later in this section
and see that as α→ 0 the period of γ becomes infinite, and that the limiting
solution u0,0 describes a minimal Legendrian sphere (which as previously
noted is necessarily totally geodesic).
To see which immersions uα,J are geometrically distinct consider in greater
detail the geometry of these immersions. Since the immersions are all con-
formal, the metric g induced on R2 can be described by a single positive
function y = |Az|2 = |z˙|2, where g = y|dz|2. A calculation shows that γ and
y are related by
y = −γµ1µ2µ3 + 1
3
∑
λ2i .(4.11)
It follows from (4.11) and (4.9) that y satisfies
y˙2 + 4y3 − 2y2
∑
λ2i = 4C(4.12)
where
−C = λ21λ22λ23 + J2µ21µ22µ23.
The Gauss curvature of the immersion satisfies
K = −(ln y)
′′
2y
= 1 + 2Cy−3.(4.13)
In the case J = 1/3
√
3, the corresponding solution of (4.9) is γ ≡ 0
independent of the choice of α ∈ [0, 1] and hence uα,1/3√3 has K ≡ 0. It
follows that u must be (a piece of) a generalized Clifford torus. Similarly, if
α = 1 then µ3 = 0 and it follows from (4.11) that y ≡ 2. Once again K ≡ 0
and hence u1,J is a (piece of a) generalized Clifford torus.
All other immersions uα,J are geometrically distinct. To begin with, note
that the remaining immersions are all invariant under a unique 1-parameter
family of SU(3) – the subgroup generated by A = idiag (1, α,−1 − α). For
α ∈ [0, 1) these are all inequivalent, hence uα,J and uα˜,J˜ are distinct when
α 6= α˜. Now fix α and consider uα,J for J ∈ (0, 1/3
√
3). We claim that the
minimum and maximum values of the Gauss curvature K are respectively
strictly decreasing and increasing functions of J on (0, 1/3
√
3). It follows
that uα,J and uα,J˜ are geometrically distinct when α 6= α˜.
To proof the previous claim, note that (4.13) shows that for a given im-
mersion uα,J the minimum (maximum) value of K occurs at the minimum
(maximum) value of y. From (4.12) it is clear that for fixed α, ymin and
ymax, the minimum and maximum values attained by y, are strictly de-
creasing and increasing functions of J respectively. Since C is a decreasing
function of J , from (4.13) we see that the minimum and maximum values of
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K are, like y, strictly decreasing and increasing functions of J respectively
as claimed.
It is also possible to write down explicit solutions in terms of elliptic
functions. Let us express γ in terms of the Jacobi elliptic functions. Recall
that γ satisfies the equation
γ˙2
4
+ J2 = γ3µ1µ2µ3 +
γ2
3
∑
i 6=j
µiµj +
1
27
and that for J2 ∈ [0, 1/27) and α 6= 1 there are three solutions Γ1,Γ2,Γ3 to
this equation when γ˙ = 0. Let us label these solutions so that Γ2 ≤ 0 ≤
Γ1 ≤ Γ3. Then we can rewrite the previous equation as
γ˙2 = 4µ1µ2µ3(γ − Γ1)(γ − Γ2)(γ − Γ3).(4.14)
Proposition 4.2. γ(t) = Γ2 − (Γ2 − Γ1) sn2 (rt, k) is a solution of (4.14)
provided
r2 = µ1µ2µ3(Γ3 − Γ2), k2 = Γ2 − Γ1
Γ2 − Γ3
where sn is the Jacobi elliptic sn-noidal function.
Proof. The proof is a straightforward computation using the basic properties
of the Jacobi elliptic functions (for details see [7]).
From this proposition and (4.7) we derive expressions for R2j
R2j = µj(γ − γj) = µj
(
(Γ2 − γj)− (Γ2 − Γ1) sn2 (rt, k)
)
(4.15)
where γj = −1/µj .
As promised in the proof of Theorem D we now provide explicit solutions
for the J = 0 case.
Proposition 4.3. For each θ ∈ [0, 2π), there exists a family of θ-special
Legendrian immersions uα,0 : R
2 → S5(1), for α ∈ [0, 1], whose Gauss cur-
vature K satisfies (4.20) and (4.21) (and hence are all distinct). Moreover,
u0,0 gives rise to a θ-special Legendrian sphere and is the only member of
the family uα,J to do so.
Proof. In the case J = 0 we know explicitly the values of the Γi
Γi = γi = − 1
3µi
, i = 1, 2, 3
and hence
r2 = (1 + 2α), k2 =
1− α2
1 + 2α
.(4.16)
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Equation (4.15) specializes to
R1 = µ1(γ2 − γ1) cn (rt, k)(4.17)
R2 = µ2(γ1 − γ2) sn (rt, k)(4.18)
R3 = µ3(γ2 − γ3) dn (rt, k).(4.19)
Define uα,0 by the formula
uα,0(s, t) = e
As(ei(θ+pi/2)R1(t), R2(t), R3(t))
where as previously we set A = idiag (1, α,−1 − α) for α ∈ [0, 1]. Then u is
a θ-special Legendrian immersion invariant under eAs.
To find the extreme values taken on by the Gauss curvature, note that in
the case J = 0 we have ymin = −λ2λ3 = α(1+α) and ymax = −λ1λ3 = 1+α.
Thus
Kmin = 1 +
2λ21
λ2λ3
= 1− 2
α(1 + α)
(4.20)
and
Kmax = 1 +
2λ22
λ1λ3
= 1− 2α
2
1 + α
.(4.21)
From (4.16) we see that k2 → 1 as α → 0, and k2 → 0 as α → 1. In these
two limits sn reduces to tanh and sin respectively. Thus in the limiting case
α = 0, J = 0 we have
γ = −1
6
+
1
2
tanh2 t, R1 = R3 =
1√
2
sech t, R2 = tanh t.
Finally, one can show that in order for any immersion of the form u(s, t) =
eAsz(t) to describe a harmonic sphere, the limit of z(t) as t→ ±∞ must be
a fixed point of the action eAs [13]. Moreover, all the conserved quantities
of the Neumann system must also be zero (since they are zero at a fixed
point). For A ∈ su(3) as above, eAs has nonzero fixed points if and only if
α = 0, in which case any point of the form (0, z2, 0) ∈ C3 is fixed. From
equation (4.6), all three angular momenta Jj are zero if and only if J = 0.
Thus u0,0 is the only uα,J which could describe a minimal sphere. In this
case u (in the 0-special Legendrian case) has the explicit form
u(s, t) = (
1√
2
ieis sech t, tanh t,
1√
2
e−is sech t)(4.22)
and we can see directly that the 2-sphere described is the intersection of the
plane
−iz¯1 = z3, Im z2 = 0
with the 5-sphere (and hence is totally geodesic).
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5. Periodicity conditions
In order to analyze the periodicity of the immersions uα,J we need the
following lemma whose proof is a short computation (see [7] for full details).
Lemma 5.1. For J 6= 0 the sum of the angles ∑ θi and γ˙ satisfy
γ˙(t) = 2J tan
(∑
θi(t)− θi(0)
)
.(5.1)
Since we chose γ so that γ˙(0) = 0, this lemma has the following obvious
corollary:
Corollary 5.2. If T is the period of γ then
∑
θi(T ) =
∑
θi(0) + nπ, for
some integer n.
The previous lemma is also useful in verifying what conditions on θ1(0)
ensure that the immersions uα,J are θ-special Legendrian. For this we need
to compute βθ restricted to the cone on u. At a point (x, s, t) on the cone
βθ = x
2Im
(
eiθ det C(u, us, ut)
)
= x2Im(eiθ det C(z,Az, z˙)).
If J = 0, so that θj are all constant we have
det C(z,Az, z˙) = ie
i
∑
θj(0)|Az|2
and hence the immersion is θ-special Legendrian where θ depends only on
the initial sum of the angles θj. For example, if we choose θ1(0) = π/2 or
θ1(0) = 3π/2 (and θ2(0) = θ3(0) = 0) then the cones are 0-SLG.
If J 6= 0 a short computation using Lemma 5.1 shows that
det C(z,Az, z˙) =
i|Az|2ei
∑
θi(0)
R21R
2
2R
2
3
(J + iγ˙/2)(γ˙/2 + iJ) = −|Az|2ei
∑
θi(0)
so that now choosing θ1(0) = 0 or θ1(0) = π gives 0-special Legendrian
immersions.
Suppose that (σ, τ) is a period of u(s, t) = eAsz(t), i.e.
u(s + σ, t+ τ) = u(s, t) ∀s, t.(5.2)
Then the periodicity properties of u are characterized by
Proposition 5.3.
(a) (σ, τ) is a period of uα,J implies τ is an integer multiple of Tα,J , the
basic period of yα,J = |Az|2
(b) If u admits two independent periods then it admits a period of the form
(σ, 0)
(c) u admits a period of the form (σ, 0) if and only if α ∈ Q
(d) u admits two independent periods if and only if
α,
1
2π
(αθ1(T )− θ2(T )) ∈ Q.(5.3)
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Proof. (a) Differentiating (5.2) with respect to s and taking the norm of
both sides implies |Az(t+ τ)| = |Az(t)|.
(b) If the periods are (σ1, n1T ) and (σ2, n2T ) then (n1σ2−n2σ1, 0) is also a
period.
(c) (σ, 0) is a period implies eiσλj = 1, for j = 1, 2, 3. So σλj ∈ 2πZ. In
particular, α = λ2λ1 ∈ Q. Conversely if α = mn then (2npiλ1 , 0) is a period.
(d) If u admits two independent periods then α is rational by (b) and (c).
By (a) any period is of the form (σ,mT ). Now since θ˙j is T -periodic we have
θj(nT ) = nθj(T ). Then periodicity with respect to (σ,mT ) is equivalent to
eiλjσ+imθj(T ) = 1. Hence σλj+mθj(T ) ∈ 2πZ, for j = 1, 2, 3. Together with
rationality of α this implies αθ1(T )− θ2(T ) ∈ 2πQ.
Conversely, by (c) the rationality of α gives us one period (σ1, 0). From
above (σ,mT ) is a period if and only if σλj + mθj(T ) ∈ 2πZ, j = 1, 2, 3.
By assumption 12pi (αθ1(T )− θ2(T ) = MN for some integers M and N . With
σ = −2Nθ1(T )λ1 and m = 2N the period condition becomes
2N
(
−λj
λ1
θ1(T ) + θj(T )
)
∈ 2πZ, j = 1, 2, 3.
For j = 1 this condition is trivial, while it holds for j = 2 because
2N
(
−λ2
λ1
θ1(T ) + θ2(T )
)
= −4Nπ (αθ1(T )− θ2(T )) = −4Mπ
Since
∑
λi = 0 and by Corollary 5.2, θ3(T ) = nπ − θ1(T )− θ2(T ), we have
2N
(
−λ3
λ1
θ1(T ) + θ3(T )
)
= 2N (αθ1(T )− θ2(T ) + nπ) = 4Mπ + 2πNn.
So the j = 3 period condition also holds, and hence (−2Nθ1(T )λ1 , 2NT ) is a
second period of u.
Two cases of the previous proposition are particularly interesting: when
J = 0 or α = 0. For the case J = 0 we prove the following result which
implies Theorem C and part (i) of Theorem E.
Proposition 5.4. For α ∈ Q∩ (0, 1], the immersion u0,α is doubly periodic
and hence gives rise to a minimal Legendrian torus. Further, let α = mn ,
where m < n ∈ N and (m,n) = 1. If mn is even, then the period lattice of
uα,0 is rectangular with basis ω1 = (2nπ, 0), ω2 = (0, 4Ke(k)/r). Otherwise
the period lattice is not rectangular and is generated by ω1 = (2nπ, 0) and
ω3 = (nπ, 2Ke(k)/r). In either case each such torus Tm,n is embedded and
its Gauss curvature satisfies (4.20) and (4.21).
Notation in the proposition: k and r are defined as a functions of α by
(4.16), and Ke is the complete elliptic integral defined by
Ke(k) =
∫ pi/2
0
dx√
1− k2 sin2 x
(the period of sn (t, k) is 4Ke(k)).
SPECIAL LAGRANGIAN CONES 19
Proof. Since J = 0, the θi are constant and the second condition of part (d)
of the previous proposition is superfluous. Thus the immersion is doubly
periodic if and only if α ∈ Q. Let α = mn . It is easy to see that ω1 = (2nπ, 0)
and ω2 = (0, 4Ke /r) belong to the period lattice of uα,0. To find the full
period lattice it is sufficient to find all periods in the rectangle R formed
by 0, ω1, ω2 and ω1 + ω2. Let (σ, τ) be such a period. By part (a) of the
previous proposition τ must be a integer multiple of 2Ke /r, the basic period
of y. It is easy to see that the smallest period of the form (σ, 0) occurs when
σ = 2nπ and so we need only deal with the case τ = 2Ke /r. Using the fact
that cn (t+ 2Ke) = − cn (t), sn (t+ 2Ke) = − sn (t), dn(t + 2Ke) = dn(t)
we find that (σ, 2Ke /r) is a period if and only iff σ satisfies
eiσ = −1, eiσα = eiσm/n = −1, e−i(1+α) = 1.(5.4)
Clearly the third equation is implied by the first two. Moreover, the first
equation implies eimσ = (−1)m, whereas the second implies eimσ = (−1)n.
Hence if either m or n is even (both cannot be even since we assumed
(m,n) = 1) then these two equations are inconsistent. Thus there are no
further periods and the period lattice is generated by ω1 and ω2. If both m
and n are odd, then one can check that σ = nπ is the unique solution in
[0, 2nπ). Hence w3 = (nπ, 2Ke /r) is the only new period in the rectangle
R and in this case the period lattice is generated by ω1 (or ω2) and ω3.
Let us show embeddedness in the case where one of m, n is even. The
other case is similar, but a little more involved since the period lattice is not
rectangular. We need to show that if s, s˜ ∈ [0, 2nπ) and t, t˜ ∈ [0, 4Ke /r)
and u(s, t) = u(s˜, t˜) then s = s˜ and t = t˜. From our explicit formulae for Ri
we see that u(s, t) = u(s˜, t˜) is equivalent to
eis cn (t/r) = eis˜ cn (t˜/r)(5.5)
eis sn (t/r) = eis˜ sn (t˜/r)(5.6)
e−i(1+α)s dn (t/r) = ei(1+α)s˜ dn (t˜/r).(5.7)
Certainly this implies | cn t/r| = | cn t˜/r|, which implies there exists some
T ∈ [0,Ke] such that rt, rt˜ ∈ {T, 2Ke−T, 2Ke+T, 4Ke−T}. If t and t˜
are distinct, there are essentially two different cases, depending on whether
cn t = − cn t˜, sn t = − sn t˜ or cn t = ± cn t˜, sn t = ∓ sn t˜. In the first case the
three equations above reduce to
eiσ = −1, eiασ = −1, e−iσ(1+α) = 1
where σ = s − s˜. That is, we have the same equations as occurred in the
periodicity part of the proof. Since we assumed one of m and n was even,
the first two equations are inconsistent unless t = t˜ in which case s = s˜ is
also forced. In the second case the equations reduce to
eiσ = ±1, eiασ = ∓1, e−iσ(1+α) = 1.
Clearly, the first two equations are inconsistent with the third one.
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In the case J 6= 0, α = 0, the conditions in part (d) reduce to θ2(T ) ∈ Q.
Using the explicit expressions given in the previous chapter and properties
of elliptic functions one can show that viewed as a function of J , θ2(T ) is
strictly monotone. Part (ii) of Theorem E follows.
We conclude with the following result which demonstrates the sharpness
of the pinching results on minimal Legendrian immersions given in parts (ii)
and (iii) of Theorem 2.7.
Theorem 5.5. For any ǫ > 0 there exists an embedded minimal Legendrian
torus T in S5 which is not flat, but for which supx∈T |K(x)| < ǫ, where K
is the Gauss curvature of T .
Proof. Consider an immersion uα,J with J = 0 and α = 1− δ. From (4.20)
and (4.21) the minimum and maximum values of the Gauss curvature are
given by
Kmin(u1−δ,0) = − δ(3 + δ)
(1− δ)(2 − δ)(5.8)
and
Kmax(u1−δ,0) =
δ(3 − 2δ)
2− δ .(5.9)
Certainly for δ < 12 we have |Kmin| < 7δ and similarly forKmax. Since u1−δ,0
gives rise to an embedded minimal Legendrian torus whenever α ∈ Q, just
choose δ ∈ Q ∩ (0, ǫ/7) and the result is proved.
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